quant -ph/0408127 



Lorentz-invariant Bell's inequality 

Won Tae Kin|] and Edwin J. Soij] 

Department of Physics and Basic Science Research Institute, 
Sogang University, C.P.O. Box 11^2, Seoul 100-611, Korea 
(Dated: February 1, 2008) 

Abstract 

We study Bell's inequality in relation to the Einstein- Podolsky- Rosen paradox in the relativistic 
regime. For this purpose, a relativistically covariant analysis is used in the calculation of the Bell's 
inequality, which results in the maximally violated Bell's inequality in any reference frame. 
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Since Einstein, Podolsky, and Rosen (EPR) [l| have proposed an intriguing gedanken 
experiment, there have been great efforts to shed hght on the nonlocahty of quantum me- 
chanics. Violation of the Bell's inequality Q], especially as seen from the Bohm spin version, 
may indicate its nonlocality characteristically even though it seems to be contradictory to 
the special theory of relativity based on the locality. Recently, this inequality and entangle- 
ment in nonrelativistic quantum mechanics have been promoted to the moving observer in 
the reMivistic .i.it by a ...nbe. of authors QflBB&B; boweve, they have not always 
reached the same conclusion for Bell's inequality. Some of them have claimed that vi- 
olation of Bell's inequality can be recovered by the unitary Wigner rotation under a Lorentz 
boost even though the amount of violation decreases depending on the boost velocity. On 
the other hand, others jfl] asserted that Bell's inequality is satisfied in the ultrarelativistic 
limit by using the relativistic spin operator suggested by Czachor 

In order to study the transformation of maximally entangled states under the action of 
Lorentz transformations, the authors in Refs. considered only the changes of the states. 
In Ref. 0], however, the nonrelativistic singlet state average is relativistically generalized 
by defining spin via the relativistic center-of-mass operator. Using this relativistic spin 
observable, its expectation values for the Bell states under Lorentz boost have been evaluated 
in Refs. jy, Q|, and it has been shown that special relativity imposes severe restrictions 
on the transfer of information between distant systems and the implications of the fact 
that quantum entropy is not a Lorentz- covariant concept by using positive-operator-valued 
measures in Ref. Q]. 

In this Brief Report, we would like to study Bell's inequality in the moving frame by 
using the relativistically invariant Bell observable. In principle, consistent results should 
come from the relativistically covariant analysis. By using a consistent transformation, in 
both the Bell states and the observable, we naturally obtain an observer-independent Bell's 
inequality, so that it is maximally violated as long as it is violated maximally in the rest 
frame. Finally, adiscussion will be given of the frame-independent result compared with 
previous works. 

For a single spinning relativistic massive particle, all unitary irreducible representations 
of the Poincare group 9| rely on Wigner's idea that the quantum states can be formulated 
directly without the use of the wave equation [l^. Following Wigner's approach, the Lorentz 
transformation A induces a unitary transformation on a particle state \p, a) with a four- 
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momentum p = {p^ iP) and a spin a as jll| 

f/( A) b, a) = 5: (A, p)) I Ap, a') , 



(1) 



where L{p) is the Lorentz transformation, which makes a rest particle move with the mo- 
mentum p, i.e., p'^ = L^^^{p)k^, = (m, 0,0,0) for /i, z/ = 0,1,2,3, and V{W) is the 
representation of Wigner's httle group element given by W{A,p) = L~^{Ap)AL{p). Note 
that the speed of light c and the Planck constant h are set to be 1 throughout this paper, 
but they will be written explicitly when necessary. 

We will consider two reference frames in this work: one is the rest frame S and the other 
is the moving frame 5" in which a particle whose four-momentum p in is seen as boosted 
with the velocity (3. By setting the boost and particle moving directions in the rest frame 
to he P = X and p = z, respectively, the Wigner representation is found as 

/ 

V{W{A,p)) = 



cos ■ 



sm 



sin ^ cos f 



(2) 



where the Wigner angle Q satisfies the relation tanfi = sinhasinh5/(coshQ; + cosh 5), 
cosh a = 7 = 1/a/1 — and cosh 5 = p^/m. In the relativistic limit, /? — 1 or a — > oo, 
the Wigner angle Q becomes 7i/2 when the energy of the particle is very high, p^/m oo 
{6 oo), while it approaches zero for low energy, p^/m — » 1 (5 — 0). 

We now consider two spin-1/2 particles moving in the opposite directions p and —p with 



the same energy and speed in S. Then, the entangled Bell states 
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\p,l)^\'Pp,\)-\p,-l)®\'Pp,-\) 
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and 



where P is a parity operator satisfying Vp = (p°, —p), and |$++- 

■* ^) are Bell bases in the rest frame. Note that ± in the Bell states represent spins up 



1$^ 



and down, respectively. Then, the Lorentz boosted Bell states are found to be 



= f/(A)|*S-) = |Ap,APp) 



cosfi|$5"_J__) - sinn|$^"2_+) 



(7) 
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I^t/-) = UiA)\¥4__) = \Ap,AVp) ® (8) 
\¥^L+) = UiA)\¥^L^) = \Ap,AVp) ® (9) 



= f/(A)|^t^_+) = \Ap,AVp) ® [sinl]|<l>V7__) + cos r]|$V:^_+)J (10) 

by using the Wigner representation Note that ) and ^) are rotated, while 

are Lorentz invariant. So far, we have obtained the Lorentz trans- 
formed Bell states in terms of the Wigner rotation, whose representation has been evaluated 
by using the two-component spinor representation. 

— * 

In the rest frame, the spin observable in the direction a is given by a ■ 5", where a is a 
unit vector, S = {h/2)a is the spin operator, and the a^'s are the Pauli matrices. Using 
the Pauli-Lubanski pseu dovector = —l/2e^^KpJ'^'^PP with the generators of the Poincare 
group, J''" and jllj, the invariant expression measured by the four- dimensional axis is 
assumed to be 

'^'«)^^^ <") 

where = (0, a) and = {0,1713) in the rest frame, and a^a^ = 1. The spin vector and 
the axis should be transformed by the appropriate transformation law. For the observable 
0{a, b) = 0{a) eg) 0{b) acting on the Bell states in the rest frame, the degree of violation of 
the Clauser-Horne-Shimony-Holt inequality 3|, a variant of Bell's inequality, is measured 
by 

C(ai, a2, &i, 62; ^) = (0(ai, b^)) + {^ia^, b^)) + {d{a^, b,)) - {d{a^, 62)), (12) 

where the axes 01,02,61, and 62 are all four- vectors. Then, the transformed expectation 
value {^!'\0'\^>') can be calculated by noting that the observable transforms as 0'{a,b) = 
U{A)d{a,b)U~\A) = {2/mchfa^'b^U{A)W^ ® W^U'^^A) = Aa ■ S^. ®b ■ S^, where = 
V{W)SV-^{W). By the use of Eq. 0, the transformation of the spin is rewritten by the 
transformation of the axes along with the following relation: 

2a -Sk = d-V{W)aV-\W) 

az cos — ax sin az sin Vt + ax cos Vt — ia 
^ az sin VL + ax cos VL + iay —az cos Q + a^ sin Q 
= 2oR ■ S, (13) 

which yields 0'{a, b) = 0(or, 6r). Then, under the Wigner rotation, the unit vectors a and 
b are transformed as or = {ax cos il + az sin il, ay, —ax sin il + az cos il) and 6r = {bx cos f2 — 
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bz sin Q,by,bx sin fl + bz cos Q) . After some tedious calculations, the expectation values of the 
spin observable are calculated as 

= aA-aA + «A, (14) 
{¥4-\d'ia, b)\¥-/-) = -aj., + ayby + a^b^, (15) 
{^^^L+\&{a, = + ayby - a^b^, (16) 

{^^+L+\&{a, 6)1^5:--+) = -a.&x- - ayby - a,6,. (17) 

Note that the expectation values are all invariant under the Lorentz boost. Using the 
expectation values ()14p - ()17|) . it can be shown that the maximal violation of Bell's inequality 
is maintained at any boost speed P and any particle speed Vp-. 

C"(ai, 02, 6i, 62; ^') = C(ai, 02, 61, 62; ^) = 2v^, (18) 

where we chose the 

ai = {I/V2, -I/V2, 0), a2 = (-I/V2, -I/V2, 0) for (19) 

ai = (-I/V2, 0), a2 = (1/^2, 1/^2, 0) for ), (20) 

ai = (I/V2, 1/V2, 0), a2 = (-I/V2, 1/72, 0) for (21) 

ai = (-1/v^, -I/V2, 0), a2 = {I/V2, -I/V2, 0) for (22) 

and bi = (0,1,0) and 62 = (1,0,0) for all Bell states. Of course, these sets of spin mea- 
surement axes are equivalent to those giving maximal violation of Bell's inequality in the 
nonrelativistic limit /5 — > 0. 

The ope.a.o. flB i„ t.e ...e . . tac. e,„™,en. W the one defined in Ret. fl. 
So, one might wonder what the difference is. As shown in Ref. 0|, it is possible to find 
the direction for the maximal violation of Bell's inequality (anticorrelation) in the relative 
motion after the Wigner rotation. It is true, however, as we found, that the directions or axes 
should be transformed according to the Lorentz transformation rule from the beginning. To 
rotate the axes arbitrarily in one's frame means that one has to have individual apparatus for 
each EPR experiment. However, our physical system is unique so that the present physical 
axes should be transformed according to the coordinate transformation rule. For example, 
this situation is very similar to the electron in the normalized constant magnetic field. If 
one rotates the direction of the magnetic field in any moving frame arbitrarily, then he or 



she will obtain a different set of experiments. So, the electron will behave depending on 
the new applied magnetic fields. This means that the Bell's inequality associated with the 
physical axes in the rest frame seems to be frame dependent, which does not obey relativistic 
covariance. 

Finally, we now discuss some subtleties in the calculation of the Bell's inequality in 
different works in which Czachor's spin observable has been used. Setting ai, 02, 61, 
and 62 as Eq. (j^ . the Bell observable (7(01,02,61,62) for |\E'^2__|_) is then calculated as 



C(ai,a2,6i,62;^') = 2/V2 - - P'^ + cos2(]), which interestingly satisfies the Bell's 

inequality |C(ai, 02, 61, 62)! — ^ |4sech^(5 — 2| < 2 in the ultrarelativistic limit /3 — > 1 ^, 
while it is violated as |C(ai, 02, 61, 62)! = 2^/2 in the nonrelativistic limit. Note that there 
is a critical value f3c satisfying Bell's inequality, which is somewhat awkward because it is 
unnatural in that the Bell's inequality depends on the boost speed. Fortunately, it has been 
shown that the maximal violation of Bell's inequality can be maintained by taking some 
new set of spin measurement axes in this calculation However, they are not related to 
the Lorentz transformation (or the Wigner rotation) between the two axes. The origin of 
this problem is essentially due to the noncovariant definition of the spin observable given in 
Ref. |. 

In conclusion, the Bell observable and the Bell states for Bell's inequality should be trans- 
formed following the principle of relativistic covariance, which results in a frame-independent 
Bell's inequahty. 
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